Numerical methods are used to solve the two-dimensional Helmholtz equation. The Explicit Decoupled Group (EDG) method is applied to the linear system generated from the first-order triangle finite element approximation. Numerical experiments are conducted to verify the effectiveness of the method.
Introduction
Finite element methods allow weighted residual schemes (e.g., subdomain, collocation, least-squares, moments, and Galerkin methods) to be used to gain approximate solutions. Using the first-order triangle finite element approximation based on the Galerkin scheme, this paper describes an Explicit Decoupled Group (EDG) method with the GaussSeidel strategy for solving the two-dimensional (2D) Helmholtz equation. This approach is compared with the Full-Sweep GaussSeidel (FSGS) and Explicit Group (EG) methods. To investigate the effectiveness of EDG, consider the 2D Helmholtz equation ) show the definition of the hat function R i,j (x, y), of fulland half-sweep triangle elements at the solution domain.
with the dirichlet boundary conditions
Here, α is a non-negative constant and f (x, y) is a function with sufficient smoothness. To formulate the full-and half-sweep triangle element approximations for (1), we focus on the uniform node points shown in Figure 1 . Based on Figure 1 , the solution domain is discretized uniformly in the x and y directions with a mesh size h, defined as
The full-and half-sweep networks of triangle finite elements are guidelines for the triangle finite element approximations. These approximations form systems of finite element approximations for (1) . Using the same concept of half-sweep iterations applied to finite difference methods [1] , finite element networks consist of several triangle elements, each with two solid node points of type • (see Figure 1) . Consequently, the full-and half-sweep iterative algorithms are applied to such node points until the iterative convergence criterion is satisfied. Approximate solutions at the remaining node points (i.e., points of type •) are calculated directly [5, 6, 7] .
In the remainder of this paper, we discuss the finite element method based on the Galerkin scheme for discretizing (1) , describe the proposed method for solving linear systems generated from triangle element approximations, present some numerical examples, and analyze our results.
Half-Sweep Triangle Element Approximations
Using the first-order triangle finite element approximation, a discretization based on the Galerkin scheme gives an approximation of (1). Considering node points of type •, the general approximation, in the form of an interpolation function for an arbitrary triangle element e, is given by [2, 3] 
and the shape functions N k (x, y), k = 1, 2, 3, can be written as:
where,
The first-order partial derivatives of the shape functions can be written as: Figure 2 illustrates the hat function R r,s (x, y) in the solution domain [8, 9] . The approximation functions for the full-and half-sweep cases over the entire domain in (1) become: 
Similarly, the approximate function f (x, y) for all cases can be easily defined via the hat function. Indeed, (6) and (8) can be denoted as approximate solutions for (1).
To construct the full-and half-sweep linear finite element approximations for (1), we must take account of the Galerkin scheme. Consider the Galerkin residual method [10, 11, 12] to be:
where, E(x, y) = y) is a residual function. Applying Greens theorem, (10) can be written as
Replacing (5) and imposing the boundary conditions in (1), (11) generates a linear system for all cases. This can be simplified to:
Essentially, for the full-and half-sweep cases, (12) can be straightforwardly expressed in stencil form as:
where
In fact, the stencil forms in (13) and (14) implicate seven node points in the approximation equations.
Formulation of EDG Method
The EDG method [1] was introduced to solve 2D Poisson equations using a five-point rotated finite difference approximation. An iterative implementation involves only red node points until convergence, with approximate values of the remaining node points computed by direct methods. (For a discussion of this method based on the finite difference approach, see [1, 6, 7] ). Let a four-point group be considered to form the (4x4) linear system [7]    
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The system in (15) can be rewritten as two (2x2) independent linear systems. The EDG method is
. and
Numerical Results
To compare the iterative methods described in the previous section, numerical experiments were conducted on:
The exact solution is
U (x, y) = cos(x) cos(y).
The effectiveness of the proposed EDG is compared with that of EG and FSGS. The experiments were conducted on an Intel(R) Core (TM) i7 CPU 860@2.80 GHz with 6 GB memory. The point GS method acts as the control in the comparison of numerical results. The number of iterations, execution time, and maximum/absolute error are used for comparison. Convergence was determined by the tolerance ε = 10 −10 and experiments were conducted for mesh sizes of 284, 308, 332, and 356. The numerical results are presented in Table 1 . 
Conclusions
We have presented an application of half-sweep iterations with a block method for solving sparse linear systems generated from the first-order triangle finite element approximation using the Galerkin scheme. The numerical results show that EDG is superior to EG and FSGS in terms of the number of iterations and execution time. This is mainly because of the reduced computational complexitythe implementation of EDG only considers approximately half of all interior node points in the solution domain.
